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ABSTRACT ;

to a body moving on the surface of an incompressible viscous

The free-surface waves and the flow field due

fluid of infinite depth were studied analytically. The floating
body was modeled as a normal point pressure on the free sur-
face. Based on the Oseen approximation for governing equa-
tions and the linearity assumption for boundary conditions,
the exact solutions in integral form for the free-surface eleva-
tion, the velocities and the pressure were given. By employing
Lighthill’s two-stage scheme, the asymptotic representations
in far field for large Reynolds numbers were derived explicit-
ly. The effect of viscosity on the wave profiles was expressed
by an exponential decay factor, which removes the singular

behavior predicted by the potential theory.
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1. INTRODUCTION

The wave motion due to a moving disturbance
has been of long-standing interest. But the corre-
sponding wake structure did not receive much at-
tention until the synthetic aperture radar collected
a number of images of V-like wake patterns gener-
ated by ships (Milgram 1988; Brown et al. 1989).
The wake structures are thought to be classified in-
to three categories: the Kelvin wave wakes, the
trubulent wakes and the internal wave wakes
(Griffin 1988; Lyden et al. 1988; Gu and Phillips
1994). The Kelvin wakes are the far-field wave
patterns generated by the flow around the moving
body (Noblesse and Chen 1995; Reed and Milgram
2002), and the Kelvin waves are found to be the
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sum of two families of waves, that is, the trans-
verse and diverging waves. These two waves are
confined within a V-shaped region behind the body
(Crapper 1964). However, the generation mecha-
nism of these V-like wakes has not been fully ex-
plored.

Based on the well-known potential theory, Tao
et al. (2001) analyticaly studied the far-field distri-
bution of horizontal velocities on free-surface
waves generated by a floating point pressure. To
obtain a unique solution of physical reality, the
steady-state inviscid problem is solved with a radia-
tion condition that a local disturbance must propa-
gate outward to infinity (Mei 1994) . Another alter-
native mathematical device is to introduce a “ficti-
tous viscosity” in the manner suggested by Rayleigh
(Mei 1994). As the “fictitious viscosity” tends to
zero, the solution of physical interest will be ob-
tained. However, the inviscid potential theories
predict infinite deverging wave amplitude (Chung
and Lim 1991) and infinite horizontal velocity near
the moving path of a floating point pressure (Tao
et al. 2001), which is really a singular behavior
from the physical point of view.

It is believed that the viscosity plays an impro-
tant role in the free-surface flow since all fluids are
naturally viscous. Taking an Oseen-type approxi-
mation, Cumberbatch (1965) studied the effect of
viscosity on ship waves while Brard (1970) studied
the effect of vorticity on ship waves. Bloor (1970)
considered the effect of viscosity on long waves in
shallow water. Lugt (1987) studied the local flow
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properties at a viscous free surface by means of se-
ries expansions of the Navier-Stokes equations. Mi-
les (1990, 1991) investigated the linear wave mo-
tion in a viscous fluid of variable depth.

Based on the assumption that the flow genera-
ted by the floating body is a laminar one, the free-
surface waves, the velocities and the pressure are
analytically studied in this paper. The floatig body
is modeled as a normal point pressure on the free
surface. The general mathematical formulation is
provided in Section 2. Exact solutions in the Fou-
rier integral form are given in Section 3. Asymp-
totic representations are derivd with the aid of
Lighthill’s two-stage scheme in Section 4. Physical
interpretations for the characteristics of the free-
surface waves and the velocity distribution are dis-
in Section 5. conclusions are

cussed Finally,

reached in Section 6.

2. GENERAL MATHEMATICAL FORMULATION

The free-surface flow due to a body moving
with a constant velocity on the free surface of an
incompressible viscous fluid of infinite depth will
be considered. Cartesian coordinates are taken
fixed on the body, as shown in Fig.1. The x axis is
along the straight path of the moving body while
the z axis points vertically upward. Thus, the fluid
is moving at uniform velocity Ue, , where U is a
constant and e, the unit vector in the x direction. It
is assumed that all motions arrive in a steady state.

Fig.1 Definition coordinate system

We choose PU? as a reference pressure, and
U?/g as a characteristic length, Where @is the den-
sity of the fluid and g the gravitational accelera-
tion. For simplicity, the velocity is nondimension-
alized by U , the pressure by AU? , and the distance
by U?/g . The governing equations are the dimen-
sionless continuity equation and the steady Oseen
equations,

vV eu=0 D
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du
dx

=—v(p+2)+eviu (2)

where u= (u, v, w) is the distrubed velocity vec-
tor, p the pressure, and
e = Mg /PU° (3)
where # is the dynamic viscosity of the fluid. The
dimensioness parameter € can be regarded as the re-
ciprocal of the Reynolds number with respect to
the characteristic length.

For small-amplitude waves, linearized bound-

ary conditions are imposed at the undisturbed free
surface (2 =0),

2w ()
e(24+2%)=0 (5)
—p+2e 2 —— Faay) )

where 7 is the dimensionless elevation of the free
surface. Eq. (4) is the kinematic boundary condi-
tion at the free surface. Eq. (5) represents the van-
ishing of shearing stress in the x direction while
Eq. (6) in the y direction. Eq.(7) denotes that the
normal stress on the free surface balances the ap-
plied singular force with the dimensionless magni-
tude F. . Egs. (5) to (7) are referred as the dy-
namic boundary conditions.

According to the theorem of splitting for the
Oseen equations (Lagerstrom 1996), a solution of
Egs. (1) and (2) may be decomposed into a longi-
tudinal component (u.,p) and a transversal com-
ponent (ur,0)
u=u, +ur (8)
where (u,, p) and (ur,0) satisfy the following e-
quations respectively:

Voeeu =0 9)
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12.

Vv Xu, =0 (10)
du; N

—a—;——V(P+Z) 1D
V'uTZO (12)
Q_"_Tzevzu’r (13)
dx

Eq. (10) implies that there exists a potential @ ,
such that

u =vo (14)
It follows from Eq. (9)that
vio =0 (15)
From Eq. (11),we obtain

P
p=— £ —2z (16)

We express the free surface boundary condi-
tions in term of @ and ur as

g—z—z—f—wr =0 a7
2t G+ G =0 (1)
ayaz+aﬁ+aw7 =0 (19)
+'7+2 (a ! +awT) —— FO((y (20

where ur, vr, wr are the components of uy.

3.  EXACT SOLUTIONS
‘Taking the Fourier transform with respective
to x and y over Eqgs. (15) and (13) yields

(IJ

72 + (d —l—BZ)@—O

2D

2
ity —— e(a? + ) aT+e%§ (22)
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where ®(a,8,z) and ur(a,B,z) denote the Fourier
transforms of ®(x, y, ) and ur(zx, y, 2), respe
tively. The solutions of Egs. (21) and (22) are

@ = &(a,Bexp(Az) (23)

ur = ur(a,Bexp(Bz) (24)

where

A=/ +F (25)
=/ia/e + & + P (26)

@ is a scalar funciton and ;= (ur, vr, wr) a vec-
tor, which are independent of = . Egs. (23) and
(24) are chosen to ensure the vanishing of the solu-
tions as ¢ —— oo . Substitution of Egs. (23) and
(24) into the Fourier transforms of Eq. (12) and
Egs. (17) to (20) yields a set of simultaneous alge-
braic equations, which can readily be solved.
Thus, the wave profile, the potential function, the
velocities for the transversal component and the

pressure can be given by the double Fourier inte-

gral
v, = F;r’ r Ly, explior +#By)dad8 (27
4n*) ) —o D

where
Vi = A{1.®,ur,vrswr,p) (28)
V, = {— A, —ia — 2A%,2i2aABe ,2i8ABe,

2A%, — d® + 2iaA%e) 29
D = A —d 4 4iaA’e + 4A* (A — B)¢? (30)

4. ASYMPTOTIC REPRESENTATIONS

What interests us in this problem is to find the
far-field behavior of the surface elevation, the ve-
locities and the pressure distributions, which are
exactly represented in Eq. (27). To obtain an ex-
plicit physical interpretation for Eq. (27), we shall
employ Lighthill” s two-stage scheme (Lighthill
1960) , which in essence involves calculating the «
integration by the residue theorem and the 8 inte-

http: //www.cimspaper.com




gration by the method of steepest descent. The re-
ciprocal of the Reynolds number will be used as the
perturbation parameter throughout the asymptotic
analysis.

To obtain the asymptotic expansion of Eq.
(27), the analytic nature of D in Eq. (30) shall be
investigated. For smalle , Eq.(30) has two simple
zeros with respect toa ,

a, = (— D" a, +€a, +0E"?), (n=1,2) (31)

where

ao(B) = [14 (14481223 (32)

a1 (B) = 4a§ (222 — 1) (33)
For an inviscid flow, the zeros were found at a, =
(— 1)"'a, by Crapper (1964). The first term in
Eq. (31) represents an inviscid contribution while
the second one a viscous contribution. In accord-
ance with Lighthill’ s theory, the contribution
from poles of the integrand dominates the asymp-
totic behavior of double integrals in Eq. (27).

We introduce the polar coordinates (R, ) on
the horizontal (x, y) plane by
x = Rcosll, y = Rsinf (34)
For the first stage of Lighthill’s scheme, Cauchy’s
residue theorem is employed. The leading term for
the wave profile at large R is given by

Fz d A i(—l)"ag
7= znzj_m T_Z—ageXp[an(ﬂ)]dﬁ+

n=1

O(R™) (35)
where
fo(B) = ia,cosf+ iBsind (36)

The asymptotic location of the zeros in the upper
half-plane, as shown in Eq. (31), ensures that
there is no wave contribution from x << 0 .

For the second stage of Lighthill”’ s scheme,
the method of steepest descent for large R should
be employed. The saddle points in 8 plane are de-
termined from

CIMS Papers World

13

37

The leading term of the asymptotic solution of Eq.
(37) is given by

B=(—1q,QY*tand, (n,m = 1,2) (38)
where

@ = 2[1+ (— D™/ = 8tan’6]" (39
Q. = (g, +1)/2 | (40)

Upon a steepest-descent analysis and other mathe-
matical manipulation, the wave profile can be for-
mally expressed as

2

NR,0) =—F.d® > diQ}/*sinM,, + O(R™)  (41)
m=1
where
2 1/2
R __ - 20y—1/4

d* = (ﬂRcos@) (1 — 8tan’®) (42)
dy, = exp(— 4¢¢;;' Q%R cost) (43)
M, = QY*Rcosf — q,,QY*R sinftanf +

_1ymtt T

(-1 1 (44)

The approach to obtain the asymptotic solu-
tions for the velocity field and the pressure in far
wakes is similar to that for free-surface waves, and
the procedures will not be reproduced herein. Ac-
cordingly, the formal expressions for the velocities
and the pressure can be given by

2 |
up = F.d® > d%Q%/* (sinM,, — |

m=1

2eQ%%cosM,,) + O(R™) (45)
2
v, =—F.d* Y diQi/*q, (sinM,, —
m=1
2eQ3/2 cosM,, ) tanf + O(R™) (46)
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2
wy =—deR2dYnQZ,,/4(COSM,,, +
m=1
26Q¥%sinM,,) + O(R™1) 47
2
ur = 26" F.d® Y dyQcos(M,, + n/4) +
m=1
O(eR™) (48)
2
v =— 26”2F2dR2d},’, 2gmcos(M,, +m/4) «
m=1
tand 4+ O(eR™) (49)

2
wr = 26F.d* >]dYQY/*sinM,, + O(eR™) (50)
m=1

2
p =—Fd* X dnQil (sinM,, — 2¢Q3/* «
m=1

cosM,,) +0O(eR™") - D

5. PHYSICAL INTERPRETATIONS

From Egs. (45) to (50), an immediate conclu-
sion can be drawn that in the limit of vanishing vis-
cosity, the present results for a viscous fluid will
simply reduce to those for the corresponding invis-
cid fluid. It is believed that the terms of order € in
the longitudinal and transversal components are
created due to the presence of viscosity. These
terms will totally vanish as the parameter € tends to
zero. Thus, the free-surface elevation and the lon-
gitudinal component will reduce to those obtained
by Tao et al. (2001) for an inviscid fluid. Further-
more, it can be seen that there exists a phase shift
of 7/2 between the leading and secondary terms in
the longitudinal component.

The values of Q; () and Q,(#) are shown in
Fig.2. The expressions involving Q, (#) correspond
to the so-called transverse wave system while the
‘expressions involving Q, () the so-called diverging
wave system. The effect of viscosity on the wave
profile and the velocity distribution is expressed by
the exponential decay factors in Eq. (43). The vis-
cous decay factors on the transverse and diverging
waves are shown in Figs. 3 and 4, respectively. It
can be seen that the diverging waves are more se-
verely damped than the transverse waves. Thus,
the singularity-induced wave system consists prima-
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Fig.2 The values of Q () and Q, (6)

Fig. 3  The viscous damping factor for the transverse

waves ate = 0,01

Fig. 4 The viscous damping factor for the diverging waves
ate = 0,01

rily of the transverse waves. It should be noted
that the potential theories predict infinite diverg-
ing wave amplitude along the path of the floating
body (i.e. 0 = 0). However, the viscous theory
predicts zero diverging wave amplitude at 6 = 0,
which is reasonable from the physical point of
view. Fig.5 shows the free-surface profiles genera-
ted by the moving point pressure with F, = 4w and e

http: //www.cimspaper.com
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= 0.01 . All waves are cofined within a V-shaped
region

A= {(R,®) |0 <R << oo, | §|< tan'4/1/8}
(52)

which is consistent with the inviscid case.

Fig.5 The free-surface profile at F, = 4w and e = 0. 01

0.2

0.15

Fig. 6 The velocity envelopes at R = 30 and € = 0. 01
Eqgs. (45) to (51) show that the analytical
forms for the velocity and the pressure are very
similar to those for the wave profiles. The longitu-
dinal component of the velocity is found to be the
dominant one. To study the main behavior of the
velocity distribution, the velocity envelopes for the

longitudinal components are defined as follows

E, = d*d}Q" (53)
E, = d*d)q,.Q%"tand (54)
E, = d*d;Q. (55)

The envelope profiles for the velocities at R = 30
and € are shown in Fig.6. It can be seen that veloc-
ity u, is smaller than «; and w, . The velocity in the
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v direction is zero along the line § = 0 since the ve-
locity filed is symmetric about § = 0 . The velocity
amplitudes increase as the angle ¢ increases, which
is consistent with the characteristic of the wave
amplitude.

6. CONCLUSIONS

Analytical solutions have been obtained for
the free-surface waves and the flow field generated
by a body moving on the surface of an incompressi-
ble viscous fluid of infinite depth. With the aid of
Lighthill’s two-stage scheme, the asymptotic rep-
resentations for the free-surface elevation, the ve-
locity distribution and the pressure distribution in
the far field wave have been explicitly derived. It
has been found that the viscosity plays a significant
role both in the mathematical formulation and in
the physical interpretation for the free-surface ele-
vation and the velocity distribution. The well-
known results for the inviscid case can be covered
by the present work in the limit of vanishing vis-
cosity.
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